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Abstract

Concise probabilistic formulae with definite crystal-
lographic implications are obtained from the distribution
for eight three-phase structure invariants (3PSIs) in the
case of a native protein and a heavy-atom derivative
[Hauptman (1982). Acta Cryst. A38, 289-294] and from
the distribution for 27 3PSIs in the case of a native and
two derivatives [Fortier, Weeks & Hauptman (1984).
Acta Cryst. A40, 646-651]. The main results of the
probabilistic formulae for the four-phase structure
invariants are presented and compared with those for
the 3PSIs. The analysis directly leads to a general
formula of probabilistic estimation for the n-phase
structure invariants in the case of a native and m
derivatives. The factors affecting the estimated accuracy
of the 3PSIs are examined using the diffraction data from
a moderate-sized protein. A method to estimate a set of
the large-modulus invariants, each corresponding to one
of the eight 3PSIs, that has the largest [A| values and
relatively large structure-factor moduli between the
native and derivative is suggested, which remarkably
improves the accuracy, and thus a phasing procedure
making full use of all eight 3PSIs is proposed.

1. Introduction

The probabilistic theory of the three-phase structure
invariants (3PSIs) that integrates the techniques of direct
methods with isomorphous replacement was worked out
by Hauptman (1982). The initial application (Hauptman,
Potter & Weeks, 1982) confirmed the theoretical validity
and promising potential of the approach. However, the
mathematical complexity of the distribution makes it
difficult to gain its further interpretation with crystal-
lographic implications. Later, through some mathe-
matical manipulations, Fortier, Weeks & Hauptman
(1984a) obtained a useful interpretation of the distribu-
tion formula in terms of experimental parameters, the
diffraction ratio and the difference in the intensities of a
native protein and its heavy-atom derivative and,
subsequently, they applied a similar interpretation
method to the distribution formula for the case of a
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native and two derivatives (Fortier, Weeks &
Hauptman, 1984b). Taking account of the resolution
effects on distribution parameters, Giacovazzo,
Cascarano & Zheng (1988) proposed a probabilistic
formula for estimating the 3PSIs by fixing a triplet of
reciprocal vectors H, K, L and choosing atomic
coordinates to be the primitive random variables. The
formula was first applied to direct solution of protein
structures  (Giacovazzo, Siligi & Ralph, 1994;
Giacovazzo, Siliqi & Spagna, 1994; Giacovazzo, Siligi
& Zanotti, 1995). For the special case of a native and a
heavy-atom derivative, it was shown that the formula has
a concise form different from the corresponding result of
Fortier et al. (1984a) and allows an easier interpretation
in terms of diffraction experiments.

In this paper, we show that a concise expression can
be directly obtained from Hauptman’s distribution in the
case of a native and a derivative, as well as from the
distribution of Fortier et al. (1984b) in the case of a
native and two derivatives, which is different from the
formula of Giacovazzo et al. (1988) in approach but
equally satisfactory in result. It is also shown here that
the probability distribution of the four-phase structure
invariants (4PSIs), which was recently derived by the
present authors and a detailed account of which will be
published separately, has the same property as that of
the 3PSIs. Based on these results, a general formula for
the multiphase invariants in the case of a native and
multiple derivatives can be deduced. Finally, a phasing
procedure that makes full use of the eight 3PSIs is
proposed.

2. The probabilistic formulae for estimating the
3PSIs

2.1. The case of a native protein and a heavy-atom
derivative

When the triplet of reciprocal-lattice vectors H, K, L
satisfies H+ K + L = 0, the conditional probability
distribution presented by Hauptman (1982) for eight
3PSIs,
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ws =Yy + ¥ + Yp.
we =Yy + Yx + L,
wy =gt ¥Yx+eL. =Yg+ ex+ Y,
wy =gy +¥x+¥L, wzg=Yy+egtop

is [for the notation in this section see Hauptman (1982)
unless otherwise indicated]

Pi($2R\. Ry, Ry, 8}, S5, 85) = (1/K;) exp(4; cos £2,),
i=1,...,8.

w; =@y +ex + ¢,

w; = ¢y + ¢k + VYL, )

2)
The A; term can be written as
A; = 2B CirCorCipR\RyR; + By (Cir Cor CisR | R, S,
+ CigCosCarR S,R; + Ci5CopCipS 1 RyR;)
+ B3(CirCosCssR, 8,85 + Ci5Cor CisS R, S5
+ Ci5Co5C3p815,R3) + B4 C15Co5C355,5,8],

3)
where
Gr=1, Cjs=1x)/lpx) 4
if the jth phase of the invariant is ¢,
Cr=L(0/L(x), Cs= &)

if the jth phase of the invariant is ¥, and
x=2yRS;, j=12,3.

In the case of a native and a heavy-atom derivative,
the atomic content of the derivative (D) is assumed to
equal the atomic content of the native protein (P) plus
the heavy-atom content (H). Then, the parameters y and
Bi,j=1,2,3,4, are reduced to

12

172
Y =0y O /(0’02 — ty),

B1 = ap0yg _— (g3 - "30)“%2/(0’02 - O120)3'
By = (ag3 — 0’30)“20“(;42/(‘102 - a20)3, (6)
By = —(ag; — "30)“;(/)2“02/("02 - 0‘20)3,
By = (0p3 — 0‘30)“342/(0‘02 - 0‘20)3-
Substituting (6) into (3), we get
A; = 203503, C1gCorCsxR RyR,
+ 203033 (Cisag)’ S — Crpezy'Ry)

172 12 12 1/2
X (Cosgy" S, — Copttyy Ry )(Cisagy S5 — Captgg  Ry),

(7

where

_ _ 3 _ _ 2
o3p =03 =D_Z}, Gzp—azo—zp:zjv

P

_ _ 3 _ _ 2

O3y = O3 — Q30 = ZZ/ Op =0 — Uy = %:Z,
H

®)

ESTIMATION OF MULTIPHASE STRUCTURE INVARIANTS

Z; is the atomic number of the jth atom in the unit cell
and the summations over P and over H state that the
indices j vary over protein atoms and over heavy atoms,

respcctlvely Obviously, Fjp = ) R and Fjp, = aoéle,

J=1,2,3, are the structure-factor moduli for protein
and derivative, respectively. In terms of Fp and Fj, a
simplified expression for A, is obtained:

A= 2”319‘72—13/2 CirCrCarR\ RyR,
+ 2034033 (Ci5F1p — CizFip)
x (CosFyp — CorFop)(CssFip — CipFip)
= 2035055 " C\gCorCorR RyR; + 2034507% Ay A, A5,
9
where
8= (CsFp -

CiFip)/oyg. =123, (10)

is a modified normalized structure-factor magnitude of

the heavy-atom structure, as further described below.

Define A; = A when Cp=1 and A; = A, when

st =1, j=1,2,3. Then, for example, for
= @y + ¢k + @, (9 becomes

Ay = 203,05 R\ R Ry + 20340512 A g Agg Az (11)

Yu+ ¥k + Vo,

As = 2‘731’(’;;’ CirCorC3rR\RoR,
+ 20340510 A5 Ax5 Ass.

and, for ws =

(12)

The R,R,R; term of (11) is the well known traditional
Cochran (1955) distribution, which is usually negligible
for protein structures. The sign of A4 is determined by
the Az A pAsp term. When Cig > 1.0, i.e. when 2yR;S;
is large, (11) is consistent with the simple algebraic rule
of Karle (1983) if the distribution coefficient relevant to
the content of heavy atoms, 2044055, is ignored. Since
the formula of Fortier et al. (1984a) contains mixed
terms of R and A besides the RRR and AAA terms,
Fortier et al. concluded that the difference in the A
values between Hauptman’s distribution and Karle’s
simple rule is caused by these mixed terms. Our
approach shows that there are no mixed terms in (11)
and therefore the difference between Hauptman’s
distribution and Karle’s simple rule is chiefly due to
the distribution coefficient, which is missing in the
latter, rather than the mixed terms.

On the other hand, according to Karle (1989), it is not
necessary to know information on the heavy atoms in
order to apply the simple algebraic rule. Now it
becomes clear that not requiring any knowledge
concerning the heavy atoms is not an intrinsic advantage
of the algebraic formula but a result of the abscnce of
the distribution coefficient. Because o305, > ~ N;;"/
where N, is the statistically equivalent number of heavy
atoms in the unit cell, there is an optimal amount of
heavy-atom substitution, as pointed out by Fortier er al.
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(1984a), which leads to sufficiently large 03,,02‘,3/ % and
|ArAsrA3g|. In this regard, the distribution coefficient
is important for obtaining reliability evaluation from A
values although in some instances both the probability
and algebraic formulae give identical results.

Of the three kinds of quantities in (11), o, C and F
(and R), the parameters o and C may be modified in
order to obtain more accurate estimates. If the zero-
angle atomic scattering factor Z; in (8) is replaced by the
scattering factor f;, which is a function of |H|, |K| or
|L{, i.e.

O3p = ;f}(H)j}(K)JZ(L),
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SFI S TS
O3y = %:ﬁ(ﬂ)];(K)fj(L)-
o = SS I FK)L),

32 _
O =

13)

then (11) is the same as the result of Giacovazzo et al.
derived from a different route (Giacovazzo, Cascarano
& Zheng, 1988; Giacovazzo, Siligi & Ralph, 1994).
The fact that the same result comes out from different
derivation routes makes the A term more believable as a
reliability measurement for probability estimation of the
3PSIs.

Since Fj, = Fp + Fy and Cy or Cj is the expected
value of cos(y; — ¢;) (Fortier, Moore & Fraser, 1985),
where ¥, — ¢, = 6;pp is the angle between Fp and F),
when the heavy-atom structure is known, C; or C5 can
be calculated according to

Ci ot Cjs = (Fjp + Fjp — Fiyy)/2F;pFjp. (14)

Combining (9) and (14), we obtain a formula for A,
incorporating the heavy-atom structure information,

3/2

4= ZJBHJZ_H/ E\HEWE 3. (15)
where
’ 2
Ejy = —(Fjp + Fjy = F5)Fy [2F;pF0
=EjycosOpy, j=1,2,3, (16)
if the jth phase of the invariant is ¢, and
Ejy = (Fip+ Fjy — F o) /2F,pF oo
= Eycosbpy, j=1,2.3, (17)

if the jth phase of the invariant is . In (16), 6,4 is the
angle between the structure-factor vectors of the native
and heavy-atom structures, £, the normalized struc-
ture-factor magnitude contributed from heavy atoms
and thus E is the projection of the normalized
structure-factor vector of the heavy-atom structure on
the structure-factor vector of protein structure. Simi-
larly, in (17), 6y is the angle between the structure-
factor vectors of the derivative and heavy-atom
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structures, thus E j, is the projection of the normalized
structure-factor vector of the heavy-atom structure on
the structure-factor vector of the derivative structure.

2.2. The case of a native protein and two heavy-atom
derivatives

According to Fortier, Weeks & Hauptman (1984b),
to which the notation in this section is referred except
where stated, the conditional probability distribution for
27 3PSIs in the case of a native and two derivatives is
given by

P($2)|R\.R,,R;,5,.5,.8,. 1. T,, Ty)
>~ (1/K;)exp(4;cos §2)), i=1,..., 27.

A; can be written as

A; = 2{B) C1rCorC3rR 1 RyR3 + B[ CirCor C3sR R, Sy
+ CirCosCrR $,R; + CisCorCapS Ry Ry
+ BilCirCorCirR R T + CigCor CoR ThRy
+ CirCorCipT R Rs] + B4[C g CosCisR, S5 85
+ Ci5CrGasS Ry S3 + Ci5CisCagS  SyRs)
+ BelCirCor CGarR I T + C i1 GG TR, T
+ Ci7Cr CrTY ToR,] + B7C15Co5C5681 5,55

+ B1CirCr G T\ LT3}, (19)

where

Cp=1,

j Cis = Li(x))/Io(x)),  Cir = 1,(x;)/1(x;)

(20)

if the jth phase of the invariant is ¢,

C,'R:I1(x1)/10(x1)- st: 1, @
CjT = L(x ) (x) Ty(x ) p(xy)

if the jth phase of the invariant is v,

Cr = Li(x))/Iy(xy). G = Li(x ) (x)/ Io(x))o(x7). 22
Cr=1

J

)

if the jth phase of the invariant is & and

x; =2yR;S;, x,=2y,RT, j=1223.

The y and B parameters are defined by equations (3.25)
and (3.26) of Fortier et al. (1984b). Equations (18) and
(19) require that the heavy atoms of the two derivatives
occupy different positions in the unit cell.

Assuming that the atomic content of the first (D)) or
second derivative (D,) equals the atomic content of the
native protein (P) plus the heavy-atom content (H, or
H,), respectively, we define
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_ _ 3 _ _ 2
O3y, = o30 — %300 _ZZJ s Oan, = Oy — Q00 —ZZ/ ,
H
1 1

_ _ — 3 _ _ _ 2

O3y, = Upo3 —A300 —;Z/ s O2n, = Uogp — Q00 _ZZ_[ :
H.
2 2

(23)
A similar approach to that in §2.1 gives
A; = 203y, ‘72_13,(C15F10, — CirF1p)(CysFyp,
x (CysF3p, — C3pFip)
+ 203H202?[32(C1TF1D2 — CixFp)

- CZRF2P)

X (CorFop, = CorFyp)(CarFyp, — CipFip),  (24)
where
Fp=ooR. Fp =aghsS;, Fip =gl j=123,
or
A; = 203,034 Ay, Doy, As,
+ 203y, 0'2_132/2131112 Aon, Asn,» (25)
where
12
A, = (CsFpp, = CrFp) 02,
and (26)

Ay, = (CjTI'}DZ - C,’R"}p)/"z%»

are the modified normalized structure-factor magnitudes
of the first and second heavy-atom structures, respec-

j=12,3,

tively. For the 3PSI w, = ¢y + ¢k + ¢,
A.IHI = (C}SF}DI - F;P)/Uzl’/i"; (27)
A, = (CrFip, = Fyp) /03, j=1.2,3.

It is interesting to note that (25) consists simply of the
sum of two parts corresponding to the contributions
from heavy atoms in the first and second derivatives,
respectively. We are aware from this result that it is
possible to deduce a formula for A; in the case of a
native protein and multiple derivatives.

When the heavy-atom structures for the two deriva-
tives are known, 4, is given by

~ =3/2 / !
A; =203y, O2n, Evy, By Esp,

-3 ’ v '
+ 203y, UZHZ/ ’E 11,20, E3m, (28)
where
Ejn, = Ejn, 08 Gjpy,. (29)
EJ{HZ :EJHZ cosef””z’ Jj= 1,2,3,
if the jth phase of the invariant is ¢,
J{H| = EjHI cos ejD‘H, ’ 30)

' ; —
Ey = Ey, c08Opy, cOSOpp, j=1,2,3,

if the jth phase of the invariant is v, and
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/
Ey = Ey, cosOpy, cOS0ipp,,

31
Jj=12.3, Gl

13
EJHz = Ljy, COS OjDsz >

if the jth phase of the invariant is £.

3. The probabilistic formulae for estimating the
4PSIs

Recently, we derived the probability distribution of the
4PSIs for a pair of isomorphous structures. Only the
main results are given here in order to compare the
formulae with those for the 3PSIs. Details of the
derivation and practical applications will be published
separately.

For a pair of isomorphous structures, the conditional
probability  distribution of the 4PSIs o, =
oy +eoxk+oL+¢m, where H+K+L+M=0,
given the eight structure-factor magnitudes |Ey|, |Ex|,
|ELl, 1Eml, 1Gul, |Gkl, |GL], |Gul, is given by

P\($2,|R\, Ry, Ry, Ry, §1. 85, S5, 84)
=~ (1/K;)exp(A4, cos £2,), (32)
where
K, =2nly(A)).
Ay = 2[BoR\RyR3Ry — B, (C 1581 Ry R3R, + CosR $,R3R,
+ G3sRR,S3R, + CysRiRyR3S,)
+ Bi(CisCosS1 SRRy + Ci5CisS Ry S3R,
+ CisCysSiRyR3 S, + Co5CisRy S, 53R,
+ Cy5CyisR R3S, + C35CysR R, 838,)
= Bs(Ci5CosCis815,83R, + Ci5Cp5Cys815:R, 84
+ Ci5C35CasSi1Ry 8384 + CosCasCysR 1 8,838,)

+ B4 Ci5Cr5Ci5C455,5,8: 84 (33)
R, = |Eq4l, R, = |Exl, Ry=|E|, Ry= IEml (34)
= IGHL Sz lGl(l S} = IGL[» S4 IGMl

and Cg = I,(2yR;S;))/I,(2yR;S;) is the ratio of two
modified Bessel functions.

In the case of a native protein and a heavy-atom
derivative, if the atomic content of the derivative (D)
equals the atomic content of the native protein (P) plus
the heavy-atom content (H), the parameters y and g;,
j=0,1,2,3,4, can be greatly simplified,:

Y= 0‘;(/) 0‘02 /(0‘02 — o),
Bo = tao/ B + (algs — o)l /(etgy — )’

32 _1/2 4
Br = (g — ag)azg gy /(g — 0tz0)"s
B2 = (cgq

4
— Q0)00Q0y / (Ctgy — )
By = (ags — o)ty 0’02 /(g —

(35)

1/2 372 4
(!20) ’

Bs = (o — o)ty /(atgy — )’
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where «,, is defined by equation (1.3) of Hauptman
(1982). Substltutmg (35) into (33) and noting that
FD—aozS andFP_aéoR we have

J
A, = 20,p052 R\ RR,R, + 20,404 A Ay Ay Ay, (36)

where

A;=(CsFjp— Fp)foyy. j=1.2,3.4, (37
Osp = XPIZ;‘, Oan = ZH:Zf, (38)
and o,, and o,y are defined by (8). Because

04p057 K 04054, the first term of (36) is negligible.
Accordingly,

A, >~ 20,055 A Ay Ay Ay, (39)

Equation (39) is one of our major results. Clearly, (39)
is analogous to (11) in properties: (a) the reliability
parameter 4; depends mainly on the contribution from
heavy atoms in the derivative; (b) reliable estimates can
be obtained even when the structure factors themselves
are small provided that the |A;| values are large; (c)
since the A;’s are signed values, both 0 and 180°
estimates are obtainable through (32).

4. General probabilistic formulae for n-phase
structure invariants in the case of a native protein
and m heavy-atom derivatives

For n (n > 3) reciprocal-lattice vectors H satisfying
>~ H; =0, in the case of a native protein (P) and m
heavy-atom derivatives (D,, k=1, ..., m), there are O
n-phase structure invariants. Assume that the heavy
atoms (H,,k=1,...,m) of the m derivatives are
located in different positions in the unit cell. Given
the n x (1 + m) structure-factor magnitudes related to
the native and the m derivatives, which are represented
by a group of non-negative numbers R, R,
ji=1, , k=1,...,m, the conditional probabrlrty
drstrlbutron of the n- phase structure invariants w;,
i=1,...,0, can be directly deduced from the results
introduced above:

P($2|Rip, Rip,: J = I,....mk=1,...,m)
~ (1/K)exp(4;cos 2,), i=1,...,0Q, (40)
where
Ki = 27[10(141'),
= -n (41)
A~ ZkZI JnHkJZH/z [__[l A,
Ajty, = (Cip,Fip, — CpFip)/ 02
j=1,....n k=1,....m (42)

The o parameters have similar definitions to those in
(8), (23) and (38). Cp and Cyp, j=1,...,n, are
obtained by comparing the subscnpt Por D, of the jthC
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with the jth phase of the invariant. If they both
correspond to the native or both to the same derivative,
then Cpor Cpp, = 1,j =1, ..., n. If one corresponds to
the native and the other to the derivative, then

Cp or Cp, = 2y, RipRip )/ 1o(2viR;pR;p,),

j=1,...,n, (43)

where

Vi = 035'03p, /O, (44)
If they correspond to the different derivatives k1 and k2,
respectively, then

Cp, or Cp, = Il(zyklePRjD,,,)Il(zykZRjPRjDu)

FDry JDia
x o2y R; ;D,,. ) 10(2yk2R_1PRjD,,2 )7

Jj=1,...,n. 45

5. Test calculations

The experimental data for the protein cytochrome css,
space group P2,2,2,, molecular weight ~ 14 500, and
its PtCl4 derrvatrve (Timkovich & Dickerson, 1976)
were used for test calculations to examine the factors
affecting the accuracy of the 3PSI estimates. The
number of measured independent reflections up to
2.5 A resolution is 2993 for the native and 2807 for
the derivative.

To compare the estimate results, tests 1, 2 and 3 are
designed for various subsets of the reflections selected
by different thresholds for R and |A| values. The
calculations were performed using (11), i.e. only the
3PSI w;, = ¢y + ¢k + ¢y, was estimated. The definitions
of the subsets and the results for tests 1, 2 and 3 are
given in Table 1. It can be seen that, for the reflections
with the largest | A| values, test 3 gives not only a higher
accuracy but more triplet relationships when the |4,
value is given. In each case, the average phase errors
(l¢; — w|) decrease with increasing |A| values but there
is a rebound of the errors at the top of the |A4| values.
This is probably due to the scattering effect of
disordered solvent molecules on the reflections with
large | A| values at low resolution.

Test 4 was done, as shown in Table 2, using the same
reflections as those for test 3 in order to judge whether
the effectiveness of (11) can be enhanced by substituting
(13) for (8) to calculate the o parameters. For the
convenience of comparison, the results of test 3 were
reaccumulated in Table 2 according to various |A;,|
values, which were chosen so as to allow the N; values
to approximately equal those of test 4. Comparison of
test 3 with test 4 suggests that the substitution of (13) for
(8), i.e. atomic number Z; is replaced by scattering
factor f;(H) in the o parameters only results in an
overall rise of the |4| values and has little effect on the
estimate accuracy. Such an effect is quite different to
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Table 1. Statistical results of the 3PSls estimated via
(11) from the experimental data of cytochrome css,

N; is the number of the 3PSIs having |4 > |4,.|, % is the percentage
of the 3PSIs whose cosine signs are correctly estimated, ¢; (°) is the
true value of the 3PSI and « (0 or 180°) is its estimated value. The
subsets of reflections used in the calculations are defined as follows.
Test 1: 619 reflections with R > 1.49; test 2: 631 reflections with
R > 1.20 and |Ag| > 0.35; test 3: 592 reflections with |Agz| > 0.70.

Test 1 Test 2
1Aminl N3 % (I3 — ol il N3 % (lg; — wl)
0.0 51209 54.4  84.7 0.0 51207 63.6  74.0
0.5 7375 170.0 66.3 0.5 18638 71.2 64.8
1.0 1903 79.3 522 1.0 5760 783  54.4
1.5 728 88.0  39.6 1.5 2324 852 447
2.0 309 91.9 34.6 2.0 1053 87.6 39.2
3.0 83 86.7 412 3.0 301 884 344
4.0 24 100.0 155 40 109 927 287
5.0 7 100.0 0.0 5.0 39 872  34.8
Test 3
[Aminl N3 % (l¢s —wl)
0.0 51726 770 555
0.5 49212 77.6 54.6
1.0 29024 82.1  47.7
1.5 14600 86.4  40.2
2.0 7686 87.4 36.9
3.0 2718 852 378
40 1152 76.6 489
50 591 699 573
that in the small-molecule case observed by

Giacovazzo, Cascarano & Zheng (1988). Calculations
similar to tests 1 to 4 were also carried out on the error-
free diffraction data of cytochrome csso and its PtCI3~
derivative, which were obtained from the known atomic
coordinates to a resolution of 2.5 A (total 4159 structure
factors). The results confirm those from the experi-
mental data but, as expected, they have higher accuracy
and no error rebound at the top |A| value.

The role of the reflections with large |A| values, as
shown in Table 1, has already been emphasized by
Giacovazzo, Siligi & Ralph (1994) for the direct crystal
structure solution of proteins. In their successful
phasing procedure (Giacovazzo, Siligi & Spagna,
1994; Giacovazzo, Siliqi & Zanotti, 1995), a small set
of reflections with large |A| and R values, just like the
subset in test 2, was first phased and then used as seeds
for subsequent phase expansion. The condition ‘large
|A]” selects the reflections whose phase values may be
reliably estimated and the condition ‘large R’ is used in
order to guarantee a valuable contribution to Fourier
synthesis once the reflection is phased. However, the
limitations of their procedure are:

(a) the seed set does not include all of the reflections
with the largest | A| values owing to the restriction of the
R threshold;

(b) not all types of the invariant but only the ‘pure’
invariant w; = ¢y + ¢k + ¢ is used in the phasing
procedure.

According to Table 1, the subset of reflections in
test 3 seems to be more advisable than that in test 2
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Table 2. A comparison between the estimated results of

the 3PSIs with the o parameters calculated via (8) (test

3) and via (13) (test 4) from the experimental data of
cytochrome css,

Test 3 Test 4
[Aminl N3 % (I3 — wl) 1A min| N3 % (I3 — b}
0.00 51726 77.0 55.5 0.0 51726 77.0 55.5
0.65 44308 78.8 53.0 1.0 44402 78.8 53.0
0.99 29416 82.1 47.8 1.5 29463 82.2 47.6
1.33 18392 85.0 42.5 2.0 18312 84.6 43.1
1.68 11431 87.1 38.6 2.5 11479 86.0 40.3
2.03 7454 87.2 36.9 3.0 7482 86.2 38.7
2.74 3477 86.3 36.7 4.0 3484 85.0 39.2
3.42 1853 81.5 41.6 50 1845 80.3 44.6

as seed set for the sake of accuracy. But the problem
is that test 3 may include some reflections with small
R values because only the |A| value is considered as
the selecting condition and these weak reflections
usually have large phase errors, which propagate
easily to the other reflections during phase expansion.
In order to solve this problem, we consider ways for
making full use of all eight 3PSIs. We note the fact
that for the reflection having larger |A| value, even if
the R value is rather small, the § value can be large
and vice versa. Accordingly, the phases, ¢ or ¥,
associated with the larger structure-factor magnitudes
can be used to constitute the triplet relationship
corresponding to one of the eight 3PSIs in (1). For
example, if R, < S,, R, > S, and R; < §;, then the
3PSI w; = Y+ ¢k + ¢ is actively used in the
phasing process and the corresponding A4, value is
calculated via (9),

-3/2 -3/2
A7 = 2035075 CigCgR Ry R + 203403 D15 AgrAss.

This enables us to obtain a set of the most reliable
3PSIs among the reflections with the largest |A|
values. Such invariants are here called ‘large-modulus
invariants’.

Table 3 lists the results for the pure invariants
(test 5) and the large-modulus invariants (tests 6 and
7) estimated from the error-free data. Indeed, the
comparison of test 6 with test 5 indicates that a
remarkable increase in accuracy can be achieved by
using the large-modulus invariants. In the calcula-
tions of A values for the large-modulus invariants,
the parameters C; and C; may no longer be
negligible since some of the 2yR;S; may happen to
be small. In test 6, C}R and st were calculated from
(4) and (5) while they were assigned to have a value
of 1.0 in test 7. It is observed from the comparison
of test 6 with test 7 that the number of invariants
(NV;) for test 7, where Cj and Cjs are ignored, is
smaller than that for test 6 at the same accuracy
level, especially for those with |A4.;,| > 2.0. There-
fore, the use of Cy and Cj is advisable for the
large-modulus invariants.
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Table 3. A comparison between the estimated results of

the pure invariants via (11) (test 5) and the large-

modulus invariants via (9) (tests 6 and 7) from the error-
free data of cytochrome css,

In test 5, 601 reflections with R > 1.0 and |Agz| > 0.6 were used. In
test 6, 679 reflections with | Ag| or |Ag| > 1.0 were used and Cjg or G5
was calculated via (4) or (5). In test 7, the same reflections were used
as those in test 6 but Cjp or C;s = 1.0.

Test 5 Test 6
[Aminl N % Algs—wh)  Amnd N % {3 —wl)
0.0 40986 86.6 45.1 0.0 94551 99.9 16.6
1.0 21546 94.6 33.6 1.0 94545 99.9 16.6
2.0 7237 98.0 23.2 2.0 65064 100.0 13.6
3.0 2759 100.0 15.3 3.0 24206 100.0 9.2
4.0 1025 100.0 10.0 4.0 7758 100.0 5.5
50 369 100.0 6.3 5.0 2464 100.0 3.0
Test 7
lAminI N3 % <‘¢3 - ‘UI)
0.0 94551 99.9 16.6
1.0 93566 99.9 16.4
2.0 55920 100.0 13.1
3.0 19257 100.0 9.1
4.0 6026 100.0 52
5.0 1822 100.0 3.2

6. Concluding remarks

Through simple mathematical manipulations, we have
simplified the probabilistic formulae for eight 3PSIs in
the case of a native protein and a heavy-atom derivative
(Hauptman, 1982) and for 27 3PSIs in the case of a
native and two derivatives (Fortier, Weeks & Haupt-
man, 1984b). The probabilistic formula for the 4PSIs,
when simplified with a similar approach, is comparable
in its properties with that for the 3PSIs. The analysis
directly leads to a general expression of probabilistic
estimation for the n-phase structure invariants in the
case of a native and m derivatives.

A method to estimate the large-modulus invariants is
proposed, which remarkably improves the accuracy.
The advantage of the method is to make use of the
information concerning both the magnitudes and the
phases of the structure factors of the derivative while
only the magnitude information is utilized when the
pure invariant gy + @ + ¢ is involved alone. More-
over, since only the 3PSI associated with three large
structure-factor moduli, rather than all eight 3PSls, is
calculated for each triplet of H, K and L, the method is
not time consuming for computation. The limitation of
the method is that the reflection set required by the
large-modulus invariants is a mixture of the reflections
from the native and derivative and may not contain
enough native reflections to produce an interpretable
electron-density map for the protein. So we suggest a
phasing procedure in two steps.
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(1) A small set of reflections with the largest |Ag| or
|Ag| values is phased by a tangent multisolution process
using the large-modulus invariants. The phases to be
assigned could be either ¢ or { depnding on whether R
or S is large. This requires a common origin and
enantiomorph definition for the native and derivative. In
addition, many reliable seminvariant phases could be
obtained by a modified ¥, formula for the case of
isomorphous replacement (Hu & Liu, 1995; Liu & Hu,
1996).

(i) The phases obtained above are used as seeds for
further phase expansion to determine the other phases
¢y by constituting the triplet sets of the 3PSIs:
futextoL, entext YL, ¢+ ¥k + oL,
¢y + ¥k + ¥, where the reflections K and L with
the largest |A| values have been phased in (i) and the
reflection H from the native protein has a sufficiently
large R value for a useful contribution to the Fourier
map.

There may still be some reflections with |A| >~ 0 but
large R values that cannot be phased by this procedure.
These reflections are not negligible especially for large
protein structures. In this case, the diffraction data from
two or more heavy-atom derivatives are necessary and
(25) or (41) should play a role in the phasing process.

This work was supported by the National Natural
Science Foundation of China (no. 29573127).
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